We apply a previously described lowest-Landau-level formalism to treat flux-lattice melting in artificially layered superconductors, using Monte Carlo methods. For a pin-free layered system, the model predicts a single phase transition with simultaneous ordering both within one layer and between layers. The melting curve calculated using this model agrees reasonably well with experiments of Koorevaar et al. on NbGe/Ge multilayers. ͓S0163-1829͑96͒00942-3͔
One of the most striking features of the high-T c superconductors is the large region in the H-T phase diagram where the superconducting order parameter is nonzero, yet the material has a finite resistivity. 1 This phenomenon is believed to be due to the melting of the Abrikosov vortex lattice well below the mean-field upper-critical field line H c2 (T).
Flux-lattice melting can also be seen in artificial multilayers of alternating low-T c materials and nonsuperconductors, [2] [3] [4] or of two different kinds of low-T c materials. [5] [6] [7] In a thick layer of a pure low-T c material, the melting line occurs very close to the mean-field transition temperature T c0 (B) . The multilayers introduce anisotropy and large thermal fluctuations artificially, thereby lowering the flux-lattice melting temperature significantly below H c2 (T), as in the high-T c materials. Instead of weak Josephson coupling between adjacent CuO 2 planes, the interlayer coupling in the artificial multilayers is produced by coupling through spacer layers of nonsuperconductor. Thermal fluctuations are sizable in the multilayers in part because the Ginzburg-Landau parameter can be very large, even though in the multilayers the critical temperature and the mass ratio of the individual layers are quite small. The fluxlattice melting temperature of the multilayers can be tuned by varying the thicknesses of the normal and superconducting layers. The former controls the anisotropy while the latter determined the thermal fluctuations in a single layer. This paper presents some calculations which approximately describe the experimental results of Ref. 2 on NbGe/Ge multilayers, for a magnetic field applied perpendicular to the layers. We consider a material consisting of alternate layers of two types of materials, denoted 1 and 2, of thickness d 1 and d 2 , respectively. Material 1 is assumed to be superconducting, while material 2 is taken as a nonsuperconducting component. The free energy is described by a Ginzburg-Landau free-energy functional of the form
where qϭϪ2e is the charge of a Cooper pair. For simplicity, we assume that the coefficient b and the mass m are the 9 and a more general model of Josephson-coupled superconducting layers. 14 
͔
In particular, the free-particle Hamiltonian in the z direction is
We now assume that T c0 (z) is a square well potential with values T c1 and T c2 in layers with width d 1 , and d 2 in 1 and 2, respectively. With this choice, the Hamiltonian Eq. ͑3͒ is equivalent to the Kronig-Penney model, whose solution and band structure are well known. If the band is sufficiently narrow, it is reasonable to approximate it by the nearestneighbor tight-binding form, E ʈ (k)ϭE ʈ (0) Ϫ2t cos(kd). The tight-binding matrix element t can be estimated by fitting it to the effective mass at kϭ0. The required overlap integral
2 can be obtained from the tight-binding Wannier functions u(z). We use the notation E ʈ (0) ϭ␣TϩE 0 , where E 0 is the value of the band minimum
With these approximations, all the terms in the freeenergy function F are identical in form to those of the single crystal case, and the thermodynamic properties can be evaluated by Monte Carlo simulations exactly as in the case of the high-T c materials.
9,10,13, 14 The most significant formal differ-ence is that the boundary conditions in the z direction are most appropriately free rather than periodic. We have carried out simulations as described previously, 9,13 generally on cells of dimensions N x l 0 ϫN y ͱ3/2l 0 ϫN z d, where l 0 ϭ͓2⌽ 0 / ͱ3H͔ 1/2 is the intervortex spacing, and typically N x ϭ12, N y ϭ12 and N z ϭ6 or 18. We take periodic boundary condition in the ab directions, and free or periodic boundary condition in the c direction. We use about 10 4 passes through the sample for equilibration, and Monte Carlo averages are evaluated using an additional 10 4 passes through the sample. It is straightforward to connect the parameters in this model to NbGe/Ge multilayers. First, the coefficient ␣ϭ(2mc/ប͉q͉)dH c2 /dT͉ TϭT c1 , where H c2 (T) is the meanfield transition temperature of the superconducting layer. This condition determines ␣ in terms of the slope of the mean-field upper critical field line. Similarly, bϭ2 2 (ប͉q͉/mc) 2 , where ϭ/, and and are penetration depth and correlation length of the superconducting layer. Effectively in this model, we are really assuming superconductor-normal-metal-superconductor coupling through the Ge layers, by treating these layers as GinzburgLandau superconductors with transition temperature T c2 ϭ0.
The remaining tight-binding parameters can be obtained from other experimental quantities in the NbGe/Ge superlattices, 2 or can be evaluated numerically, as enumerated in Table I We describe our numerical results in terms of various correlation functions, as introduced in previous papers 9, 13 These include the two-point correlation function ⌫ (2) (r,rЈ)ϵ͗(rЈ)*(rЈ)͘, the density-density correlation function ⌫ (4) (r,rЈ)ϵ͉͗(r)͉ 2 ͉(rЈ)͉ 2 ͘ ͑where the brackets ͗•••͘ denote a canonical average͒, and their Fourier transforms ⌫ ( p) (q Ќ ,q z ) (pϭ2,4). Another quantity of interest is the helicity modulus tensor, 15 for which a general expression can be found in Ref. 13 . As discussed previously, only the c component, ␥ zz , is nonzero in the pin-free crystal, since the Abrikosov lattice can then slide freely in the ab plane. Figure 1 shows the ''structure factor'' ⌫ (4) (q x ,0,0)/ G at (4) (q x ) as function of q x for sample M 22 and sample size 12ϫ12ϫ6 at several temperatures, where
The intensity of the sharp Bragg-like peaks diminishes with increasing temperatures, which is indicative of Debye-Wallerlike fluctuations of the flux lines. Similar structure is observed for other Bragg peaks in other symmetry directions.
Analogous structure is seen in real-space correlation functions. Figure 2͑a͒ shows the two-point correlation function ␥ (2) (x,0,0)ϭ⌫ (2) (x,0,0)/⌫ (2) (0,0,0). At low temperatures, this quantity shows peaks at positions reflecting the periodicity of the crystal. In order to see similar structure in ␥ (2) (0,0,z)ϭ⌫ (2) (0,0,z)/⌫ (2) (0,0,0), it is necessary to carry out calculations with a larger number of layers. Figure 2͑b͒ shows the results of such calculations for a 12ϫ12ϫ18 sample. They show, as expected, that ⌫ (2) (0,0,z) decreases with increasing temperature and separation, as observed previously in BiSr 2 Ca 2 CuO 8ϩ␦ . 9 Figure 3 shows ␥ zz (T) for two cases: free ͑FBC͒ and periodic ͑PBC͒ boundary conditions in the z direction. In both cases, the sample size is 12ϫ12ϫ6. As one might anticipate, ␥ zz is smaller at any given temperature for FBC than for PBC. Since ␥ zz measures the stiffness against longwavelength twists of the phase of , the toroidal structure implied by PBC presumably increases the difficulty of twisting the phase, relative to FBC, thereby increasing the helicity modulus. We have found that the difference between PBC and FBC increases with decreasing numbers of layers. In the monolayer limit, ␥ zz is, of course, not defined, since a monolayer is a 2D system.
In Fig. 4 , we show the calculated phase diagram for the M 22 material, as obtained using free-boundary conditions in the z direction for a 12ϫ12ϫ6 sample, i.e., six pairs of layers in the z direction. The phase boundary is taken as the point where ␥ zz , as calculated using free-boundary conditions, vanishes. The agreement between theory and experiment is satisfactory, given uncertainties in the various parameters of the model.
We have not done a detailed comparison between theory and experiment for the other samples studied in Ref. 2. Nevertheless, one other feature of the experiments can be deduced from the LLL model, even without a full numerical study. It is found in the experiment that, for sufficient small thickness of the Ge spacer layers, the flux-lattice melts as if the entire multilayer system were one single layer. In our 4 Oe. The wave-number scale is defined by q 0 ϭ2/l 0 , where l 0 ϭ͓2⌽ 0 /ͱ3H͔ (1/2) is the intervortex spacing, and ⌽ 0 ϭhc/͉q͉ is the flux quantum. The sample size is 12ϫ12ϫ6. In this and the following figures, unless otherwise stated, the calculations are carried out with free-boundary conditions in the z direction.
model, a small spacer layer would correspond to a large coupling constant t. For sufficiently large t, the allowed fluctuations are restricted: all c kn 's for the same k but different n should be equal, since other fluctuations would be energetically too expensive ͑these coefficients are defined in Ref. 9͒ . In that case, the free-energy functional simply reduces to that of a single layer, with renormalized coefficients. Thus, it follows from the structure of the Hamiltonian ͓Eqs. ͑4͒ and ͑5͒ in Ref. 9͔ without any detailed calculations, that the melting transition in this strong coupling case should behave like that of a single layer.
Finally, we comment on another possible experimental consequence of the fact that only ␥ zz 0 in the flux-lattice state, in this model. If a sufficiently defect-free multilayer could be constructed, this effect would be seen experimentally as a vanishing of the c-axis resistivity, while the ab resistivity would remain finite even below freezing. Such behavior has been reported experimentally by Safar et al., 16 where it was interpreted as the onset of a line liquid. While a line liquid remains a possibility, the present model shows that the same behavior could also occur in a highly pin-free layered system where the flux lattice could slide under an applied current even below the melting temperature. With pinning present, all three components of ␥ would become nonzero, leading to a simultaneous resistive transition in all three directions. In a finite sample, also, the sliding of the flux lattice is probably prevented by the sample surfaces. For these reasons, it seems rather unlikely that such behavior could be observed in an artificially layered material. Hence, the cause of the ''line transitions'' observed by Safar et al. remains unknown.
In summary, we have presented calculations describing flux-lattice melting in artificial multilayers within the LLL model. This model predicts that the melting transition ͑in an ideally clean, pin-free sample͒ is a single phase transition. Below it, long-range order develops simultaneously both parallel and perpendicular to the layers. The transition temperature predicted from this model is in reasonable agreement with the measurements of Koorevaar et al. 2 We conclude that the LLL model is an adequate starting point for describing the superconducting transition in multilayer filmsof low-T c as well as high-T c superconductors. 
